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a? b????i??????i2 =  1????????? z?????????????
z = a+ ib (1.1)
z?????????????Re z?Im z?????????Re z = a?Im z = b????z = Re z+ i Im z
????z????????? z?????
z = a  ib (1.2)
??????? z????? jzj????????? jzj???????
jzj =
p







?????? z1 ? z2 ??? ai ? bi?i = 1; 2??????????????
z1 = a1 + ib1
z2 = a2 + ib2
????????????????????????
z1 + z2  (a1 + a2) + i(b1 + b2) (1.4)
z1   z2  (a1   a2) + i(b1   b2) (1.5)
?????????????????jz1j   jz2j  jz1 + z2j  jz1j+ jz2j (1.6)
????????????????????

































? 1.1 ????????? z ? 1.2 ?????????????
????????????????????????????????????????????? z?
??????
z = r(cos  + i sin ) (1.9)
??????r? z?????r = jzj?????? z??????????????? = arg z ????
zn?n??????
zn = rn(cos  + i sin )n = rn(cosn + i sinn) (1.10)
???????Euler???????? (1.9)????????????????????
cos  + i sin  = ei (1.11)
??????? z????????????????
z = rei (1.12)
?????? ei ??????????????????? ????????????? z1? z2??




???????? z2 ? z1 ?????????????????????????? z2 ????? r1 ??






????????? V (t)???? V0????? !??? t???



























































































?N???????? P?????? xy-????? 1??Q??









Σ: x2 + y2 + (u − 1/2)2 = (1/2)2
??1????????? jzj <1?????? jzj <1????? z =1??????? jzj  1
?????????????????
??? f(z)? z =1??????? = 1=z????g() = f(1=)??????? g()?  = 0
???????????
2. ???
? z0 ?????jz   z0j < " (" > 0)????? z ???? z0 ? "-
????????????????????1????? A????
? z0????????? A???????????z0? A????
????A????????A?????A??????A????
A = A??A????????? z0??????A????????




????????????? A???? 2??z =1?????????????????? A?
??????A?????????A???????? z ??????jzj  K ?????K ??
?????????
????
(1) z4 = 1???????
(2) ???? A????????????????????? A???????? A????A?
???????????? A??????????A ????A = A???????????
Hermite??????A = A 1 ?????????????????????P?Q?
P =
 























???????? f ???????????w = f(z)??????
???????????? z-??????D???? w-????
??W ??????????????????D???? z0??
??z?????? z0???????limz!z0 f(z) = f(z0) ???








z   z0 (2.1)
????????? z ! z0 ????????????????????f(z)? z0 ??????????
???????? z0 ?? f ??????????? z0 ????????????????? z ????
???????????? f 0(z)?df(z)=dz?w0?dw=dz?????????f(z)? z0 ????????
???f(z)? z0 ??????????
?? 2.1 ???????????????































????hx = 0??? hy ! 0?????P =  1?????hy = 0 ??? hx ! 0?????P = 1
????P ?????????????????????
2.2 ????
?? f(z)? f(z) = f(x+ iy) = u(x; y) + iv(x; y)?????????u(x; y)??? v(x; y)?????






















































????f ?????????? (2.3a)?? (2.3b)????????????????????????
????????? (2.2)??????? (2.2)? Cauchy{Riemann????????
z ??? D???????? f(z)????????f(z)? D??????????????? f(z)?
g(z)????D??????f(z)g(z)?f(z)g(z)?D???????f(z)=g(z)? g(z) = 0???? z ?
??D????????????????????jzj <1?????????????????w = f(z)










?? 2.2 ???????????????????????z = x+ iy????
(1) f(z) = x2   y2   2x+ 2i(x  1)y
???f(z) = u(x; y) + iv(x; y)?????u = x2   y2   2x?v = 2(x  1)y??????
ux  @u
@x
= 2x  2; uy  @u
@y
=  2y; vx  @v
@x
= 2y; vy  @v
@y
= 2(x  1)
???????????????? ux = vy?uy =  vx????????????????????
??????????????????
(2) f(z) = x2 + y2   2ixy
???????????????ux = 2x?uy = 2y?vx =  2y?vy =  2x????Cauchy{Riemann?
????????2x =  2x?2y = 2y???????????????? x = 0????????
?????????????????????????????????????????????
????????
(3) f(z) = Re(2z)
?????????u(x; y) = 2x?v(x; y) = 0????ux = 2?uy = 0?vx = 0?vy = 0????????
???????????????














n!1 jzn   zj = 0
6
???? z 2 C ????????fzng???? z?????????
lim
n!1 zn = z
???????? fsng? sn =
Pn











n!1 fn(z) = f(z)
???ffn(z)g? f ???????????????? "-??????????? " > 0?????
A??? z????????????? N ???? n > N ?????????? n?????
jfn(z)  f(z)j < "
????????????????????N ? "????? z???????N ? z??????
??????? ffn(z)g? f(z)???????????????????????????????
????A???????? ffn(z)g? f(z)????A0  A??????????A0? ffn(z)g
? f(z)??????????ffn(z)g? A? f(z)?????????????
2. ??????
f(z)? z-?????? A?????? 1??????z0?w0 ????? z-????w-?????
???????????? " > 0????? > 0????????? 0 < jz   z0j < ?????
?? z 2 A????
jf(z)  w0j < "









??????f(z)? z0???????????????????? "-?????????? " > 0
?????A???? z0 ????  ??????? jz   z0j <  ??????? A??? z ??
???
jf(z)  f(z0)j < "
????????????????????? "????? z0 ???????? z0 ?????
???????? f(z)? A????????????
3. ????





? 1???????? 1?????????????? z???????
z =
dw   b





(6) f(z) = jzj3 ???????????????














































































?? w = zn?n???????????????? dw=dz??dw=dz = nzn 1 ????
3.2 ????
z ??????????? P (z)? Q(z)?????P (z)=Q(z)??????????????????
????Q(z) = 0???????????????
3.3 ????
z? z = x+ iy?????? ez?exp (z)????????????????????
ez = ex(cos y + i sin y) (3.1)
???????????? Cauchy{Riemann???????????????????????????




??????f(z) = ez ?????? (3.1)?? f(z) = f(z + 2mi) ?m = 1;2;   ???????ez













(iy)n = 1 + iy   1
2!

























y5     












eiz ? e iz ???????????cos z ??? sin z ????????????????? 2m?m =
1;2;   ??????????? (3.4)????????






cos z =   sin z
d
dz
sin z = cos z (3.5)
?????????????????????? tan z = sin z= cos z???????
3.5 ?????












???????????????? 2mi?m = 1;2;   ?????
tanh z? tanh z = sinh z= cosh z???????
3.6 ????
??????????????????????w = ez ???z = logw???????? z?????
???????? e???jzj? arg z =  + 2n?  <   ?n?????????????????
log z = ln jzj+ i arg z (3.6)
log z?????????? arg z??????? Arg z????????????????????? 1
??? Log z? log z???????
Log z = ln jzj+ iArg z (3.7)
log z? Log z????????????
log z = Log z + i(2n) (n = 0;1;2;   )
????? n??????? log z ???????Log z ? log z ? n = 0??????????????
?????
3.7 ???? II
??????? pq?p? q???????pq = eq log p???????? w = zk?k > 0?k??????
????????????
w = exp (k log z) = exp [k(Log z + 2in)] = exp (k Log z) exp (2ikn)
????????????????
? w = z1=2 (z = w2)
??? z = rei?w = ei' ?????
 =
p










? 3.1 z1=2 ???????
10
z? w? 1? 1??????????????
??? 2?? z??????????????
????????????? Riemann???







??? ? 3.2 z
1=2 ? Riemann?
?? 3.1 ?????????









???????t = eiz ?????t2   20t+ 1 = 0???t = eiz = 10 3p11????????










log ( 2) = ln j   2j+ i arg ( 2)
= ln 2 + i( + 2n) = ln 2 + i(2n+ 1)
????n???????



















 i = i sin z
11
????























(z + 1)dz?C = fzjz = (1 + i)t; 0  t  1g ???????1 + i????
??????????Z
C
(z + 1)dz = (1 + i)
Z 1
0













z2dz?C = fzjjzj = 1g

















?????? @D?D [ @D?D????????????? 0????I
@D
f(z)dz = 0 (4.2)
??? Cauchy??????????????????????Green???Z
@D













F 0(z) = f(z) (4.3)
???????? F (z)???????F (z)?D???? f(z)?????????f(z)? z ? 0???
?? F (z)?????????? f(z)???D???? F (z)?????D?????????????
??? C??? a??? b???? Z
C
f(z)dz = F (b)  F (a) (4.4)
13
????







   zd (4.5)








(   z)n+1 d (n = 1; 2;   ) (4.6)





(z2   40)(z   3i)dz?C = fzjjzj = 1g










dz?C = fzjjz + 1j = 2g










jdzj?C = fzjjzj = 2g









x(t)? y(t)???? t (a  t  b)??? 1????????????z(t) = x(t) + iy(t)?????
??????????????????z(a) = z(b)?????????????????? t1 6= t2
?? z(t1) 6= z(t2)????????? Jordan ?????z(a) = z(b)????????t1 6= t2??
z(t1) 6= z(t2)?????? Jordan?????????????????Jordan?????????
????????????????Jordan??????????????????????????
2. Green????2???
































(z   a)ndz ?????????n????a(6= 0)? b(> 0)???????
(17) C = fzjzj = rg????f ? C ???? C ?????????I
C
f(z)d = 2f(0) ??????




log zdz ??????????? A? B????????
?? A??? 1?????? z = 1?? 1??????













?? f(z)????f(z) = 0????? ???????? ?






z! f(z)?????????????? limz!(z   )
nf(z)???????????












????z = 0 for f(z) =
sin z
z






















(   )k+1 d (5:2b)
???????????C ??????? ??????????????








?? ????z =  for f(z) =
1
(z   )2?z =  ? 2???
?????????? ????z = 0 for f(z) = e1=z?z = 0????????
?? 5.1 ???????????
(1) f(z) = sin z ?z = 0?????
??? z = 0??????????????????? Taylor?????????jzj <1??





z5     + ( 1)n 1
(2n+ 1)!





?z = i????? 0 < r < 1????
??? z = i? f(z)? 1???????r < 1?????????????????????????
f(z) =
1
(z   i)(z + i) =
1







































(z   i)    + ( 1)n 1
(2i)n+1
(z   i)n +   




?? A1 ??????????? f1(z)?????? A1 ? A2 ? A1 \ A2 6= ?????????















(A) 0 < jz   ij < 2





?? f(z)?????? ????? (5.2)????? Laurent??????????????????





















F (cos ; sin ) d ????

























???????dz=d = iei = iz????Z 2
0




















































































































































1 + 2a cos  + a2
d (0 < jaj < 1)






z4 + 2z2 + 1
z2(az + 1)(z + a)
dz
???????????????????jzj < 1???????z = 0?2????? z =  a?1?
?????????????????
I = 2i[Res( a) + Res(0)]
?????????????? g(z)????
Res( a) = lim
z! a(z + a)  g(z) =
1
4i












































????C?????????????????????????????C1??? z? z = rei (0 



















































???????????? z = ai??????z = ai? 1????????????
Res(ai) = lim
z ai







































































































?? t????? x?????????????????????? E(x; t)????????????






????? t?? x?????????????????????????? J(x; t)????????x
??????????????x?? x+x????????????????? E(x; t)x ???? t
?? t+t????????? [E(x; t+t) E(x; t)]x? [J(x+x; t)  J(x; t)]t???????
????????????????????




E(x; t) =   @
@x
J(x; t) (7.3)
????J(x; t) ?? x ????????????????????????????????4????
J(x; t)??????????
















f(x; t) = Df(x; t) (7.6)
????D????????????????????
















D(f + g) = Df +Dg; D(f) = Df (7.8)
????f?g???? x???????? x??????????????????f(x; t)?g(x; t)?




D cos(x) =  2D cos(x); D sin(x) =  2D sin(x) (7.9)
?????cos(x)?sin(x)?D??????????????e 2Dt cos(x)?e 2Dt sin(x)????


























































dx = mnl (m;n = 1; 2;   )


















dx (n = 1; 2;   ) (7.12)























f(x) = a ( l < x < 0)




(a+ b) (x =  l; 0; l)
5mn ? Kronecker ?  ????m = n ??? mn = 1?m 6= n ??? mn = 0 ????
23
????a < b?? (7.12)???????? an?bn ??????





= 0 (n :??)















??????? (7.10)??x = l??? x =  l??????????????????????????
??? (7.13)?????? f(x; t)???????????????f(x; t)??????????????
????????? (7.13)??? n = 100??????????????Dt?????????????










7.3 ???????????? ? ?????
??????????????????????????
?? T ????????????????????????????????????????????








f(x; t) =  T @
@x











































T=?????????f+(x   vt)??? f (x + vt)?????f(x; t)?
xvt????????????? (7.19)?????????f+(x vt)? f (x+vt)????? x???
???????? v???????????????????????????? (7.19)??? f+(x  vt)





















+    = 
4
(36) f+(x  vt)? f (x+ vt)?? (7.19)????????????





?????? eix ?????? (7.10)?????????????



















????n < 0???? an?bn ?????????????
a n = an; b n =  bn (8.4)
???? b0 = 0????
????????    ; e 2ix=l; e ix=l; 1; eix=l; e2ix=l    ??????????Z l
 l
eimx=l einx=l dx =
Z l
 l
ei(m n)x=l dx = 2mnl (8.5)






















? (8.7)???? l? ????????????????????????????????????
????????????????????
Fourier??????



















f(x 0) = lim
"!0
f(x ")
???????????????????????? [a; b]????n???a = a0 < a1 < a2 <    < an = b
?????????? (aj ; aj+1) (j = 0; 1; 2;    ; n 1)??????? f 0(x)????????? f 0(aj +0)
? f 0(aj   0)????????????????????
?????? f(x)?????????????????????????????? f(x)?????
??????????????????
f(y)ein(x y) = f(y) cos[n(x  y)] + if(y) sin[n(x  y)]
















































? (8.11)???????????? y = x??? 0???????????????????????


















































































f(x 2z)  f(x 0)
sin z
(8.16)
??????? (8.15)???? 0??????????????????f(x)????? g(z)???









f(x) sin(Nx) dx = 0
?? x? x+ N ??????Z b
a


























































f(x)??????????? 1?3??N !1???? 0?????? f(x)????????????
? 2??N !1???? 0????






f(x+ 0) + f(x  0) = Z l
 l








(x)??x 6= 0?????? 0???????????????? 1 ????????????????




einx (  < x < ) ?????????????????????
?? (a; b)?????????????????? (x)?????????????? f(x)?g(x)??




(x) f(x) g(x) dx (8.19)
???????????? '1(x)?'2(x)?  ?????????????????? (x)??????
?? (a; b)??????????????????
('m; 'n) = mn (8.20)
7f 0(x) ??????????? 2 ???????????????????????????????







(n = 0;1;2;   )? 1???????? ( ; )??????





































Hn(x);   




























???f ? g(x) =
P1








(38) ? (7.10)?? (8.2)?????????????
(39) ? (8.9)????
(40) ? (8.11)??????????? 2??????????????
(41) ? (8.9)????? (8.14)????
(42) ? (8.16)?????? g(x)??? (0; 2 )?????????????????????????
???
(43) ?? (i)?(ii)??? f(x)??? 2?????? Fourier ???????
(i) f(x) = x (  < x < )


















































































































x  y dy (9.6)
9?????? f(x) ??????????????????????????????????????????
30
? (9.6)?????????y = x?????? 0??????????? y = x????????? ( 1; x)




























































?N !1????? A!1???? 0???????????
g(z) =
f(x z)  f(x 0)
z
(9.10)
????Riemann{Lebesgue?????? (9.9)?? 1?? N ! 1???? 0???????( 1;1)










f(x) e ix dx (9.11)






f^() eix d (9.12)

























f(x) e ix dx = if^() (9.13)




























































































f(x) = e x sin(!x+ ) (x  0)
























2i(+ i! + i)
=
(+ i) sin  + ! cos p
2
























(ii) f(x) = x e x (x  0)
= 0 (x < 0) ( > 0)
(iii) f(x) = e jxj ( > 0)
(iv) f(x) = 1 (jxj  1)



























?????????????????? Larmor???? !j ??

















j   i(!   !j)






j   i(! + !j)
 2j + (! + !j)
2












La(!   !j ;j) + iLd(!   !j ;j)

(10.2)
10??????? N ?? S ?????????????????
11??????????z ????????????xy ?????????????????????z ??? xy ???????
?????????????????????























































????3???????? r = (x; y; z)???????????? 10.1?????B0 ???????3
??????????????? x?y?z???????????? x?y?z ??? = (x; y; z)?
??????????? 3?????? r???????????????































f^() eir d (10.8)














????rj (j = 1; 2;    ; N)? j????????????(r)???????????? 3???Dirac
? ??????
(r) = (x)(y)(z) (10.10)
? (10.9)? r???????????????????????N ?????????????????
?? (r)? Fourier? ^()?
^() = (2) 3=2
Z
















??????????14??????S()? ???? ??????? ?????????????
????S ? ??? S()??????????????????????????
???????? I()???????


















10.3 ?????? 2????? | Radon??
CT???????????
??????????xy?????? 2??????????????
????????????????????x?? ????? X ??
????? l????????????????? X????????
?????????????????????????????????
?? f(x; y)????????????????? f(x; y)? l?????
??????????????????X ?????Y ????????
???? f(x; y)????????????????????X ? ??














f(x; y) (x cos  + y sin   X) dxdy (10.15)
?? f(x; y) 7 ! g(X; )? Radon??????????? g(X; ) 7 ! f(x; y)???????????
???? g(X; )?? f(x; y)??????????













f(x; y) e ixe iy dx dy (10.17)
? (10.16)????X ???? Fourier??????f^( cos ;  sin )???????????








g(X; ) e iX d

(10.18)
???????? ?????? g(X; )?X ???? Fourier???? f^( cos ;  sin )???????
??  ???????? f^(; )??????? f^(; )? Fourier?????????????????
f(x; y) ????????????
3????? f(x; y; z)? 2?????????????? z ???? z0
????????????????f(x; y; z0)??????????? z0 ?
????????????????f(x; y; z)??????????????









(48) 3??? Fourier?? (10.7)?????f(r)? r = jrj????? [f(r) = f(r)]??????f^()?













(ii) ?? (; )???????? ????Z 1
 1
e xjf(x)j dx < +1
???????? ? ??????



















Z 1 1 e (+i)xf(x) dx



























































f(x) = 0 (x < 0)
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e ptf(t) dt (p =  + i) (11.4)










ept ~f(p) dp (11.5)
Laplace? ~f ???? p????????????????????  = Re p????? (11.4)????
??????Re p0 = 0   ??????? p0 ??????????????????  = Re p????
??????????Re p0 = 0  ??????? p0???????????????????????
?????????????? a?????????? Laplace??????????????????
?????????????????? ~f(p)? Re p > a??????????
???? f 7! ~f? ~f 7! f ??????????????? L?L 1 ????????????????
















?? 1: Lf 0(t)(p) = p ~f(p)  f(0)
Z 1
0





























f(t  s) g(s) ds





















e p(t s) f(t  s) e ps g(s) ds

dt

























f 00(t) + k2f(t) = g(t)
??? Laplace??????
p2 ~f(p)  f 0(0)  pf(0) + k2 ~f(p) = ~g(p)
??? ~f(p)????????
~f(p) =








? 1: Lh(t)(p) = 1
p
[h(t)?? (B.6)?????? Heaviside???Re p > 0]












? 2: Lh(t) t 1(p) =  ()
p






?????? Euler?????????? = n????????  (n) = (n  1)!????
41
p = ????????

















?????????arg p =  (0   < 2)? arg 1
p
=  ???????p??????? p = rei ?





<  < 2????

























????arg z = ???????????
θ
ε A
arg z = θ












z 1e z dz = 0
"! 0????? 4?? 0???????? ??????A!1????? 2?? 0????????
???



























? 7.2???????????? (7.6)???????????????t = 0???? (x  x0)???
??? G(x; tjx0; 0)?





G(x; tjx0; 0) f0(x0) dx0 (12.2)
?????????? f(x; 0) = f0(x) ????????????????????????????
G(x; tjx0; 0)?????????????????????????????????G(x; tjx0; 0)???
???????
12.1.2 ?? 1
? (7.6)??x???? Fourier???t???? Laplace??????????????
pF (; p)  f^(; 0) =  D2F (; p) (12.3)
????F (; p)? f(x; t)? x????Fourier???t???? Laplace?????????????f^(; 0)











? (12.3)?? (12.4)???F (; p)?????????????????






??? G(x; tjx0; 0)? x???? Fourier???t???? Laplace?????????????????
??????? Fourier????Laplace???????????? Laplace??????





????? 11.3?? 1????? (49)????????????Fourier??????????????
???


























































































2+ix0 e ix d (12.14)
????? (12.7)??????
12.1.4 ?? 3
????? Laplace??????????????????? (7.6)? Laplace??????






































?? Fourier???t ???? Laplace??????????????
p2F (; p)  g^()  pf^0() =  v22F (; p) (12.20)
????F (; p)? f(x; t)? x???? Fourier???t???? Laplace???????g^()? f^0()?
???? g(x) ? f0(x)? Fourier?????? (12.20)? F (; p)????????












































































t = 0?????????????? [g(x) = 0] ????? f0(x)???????????????????
?? v????????????????????? (12.25)???? Stokes???????????
????



















f(x; y) = lim
x!0




f(x; y) = lim
y!0
f(x; y +y)  f(x; y)
y














??????? f ????????3 ??????? (x; y; z) ???? z = f(x; y) ??? (x0; y0; z0)
?z0 = f(x0; y0)?????????????












(y   y0) (A.2)
????????????? (A.1)??????????????
????
f(x; y) = x3y + y2
























?????????? x = const:?y = const: ??????????
@
@x




f(x; y)??? x = const:???????????????????? (A.2) ??




f(x; y) = 3x2y ;
@
@y




(x) = 0 if x 6= 0 (B.1)Z 1
 1
(x) dx = 1 (B.2)





















f(x) (x  a) dx = f(a) (B.4)
???????? 0(x)?Z 1
 1







f 0(x) (x) dx =  f 0(0) (B.5)
???????????????????
??????????? unit step (Heaviside)?? h(x):
h(x) = 1 for x > 0





(x) dx or h0(x) = (x) (B.7)
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C Wiener{Khinchin???

























!  !n < !+!??????????????? T!=2????T !1??! ! 0??????















 i!n(t1 t2)h (t1) (t2)i (C.5)
h (t1) (t2)i? t2   t1 ??????????????????
h (t1) (t2)i = h (0) (t2   t1)i  C(t2   t1) (C.6)
















































1Af(t) = Z T
0
(T   t)[f( t)dt+ f(t)]dt
= T
Z T
 T
f(t)dt 
Z T
0
t[f(t) + f( t)]dt
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